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11.7 Pricing a European Call in a Jump Model

Pricing a European call when the underlying asset is a jump process.
Two cases :
11.7.1 The underlying asset is driven by a single Poisson process

11.7.2 The underlying asset is driven by a Brownian motion and a

compound Poisson process.

The market is complete in the first case and incomplete in the second.



11.7.1 Asset Driven by a Poisson Process

Consider a stock modeled as a geometric Poisson process
S(t) = S(0) exp {at + N(t)log(c + 1) — Mgt} = S(0)e( @29t (g 4+ 1)N(¢)

where 0 > —1, 0 # 0, and N(t) is a Poisson process with intensity A > 0 on
a probability space (12, F,P)

for which the differential is
dS(t) = aS(t) dt + o S(t—) dM(t).

M(t) = N(t) — Mt is the compensated Poisson process.



Change to a risk-neutral measure P

IF’(A) = / Z(T)dP for all A € F, where Z(t) = 6(}‘_5‘)‘(
A

)N(t).
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dS(t) = rS(t)dt + aS(¢t—) dM(t), M(t) = N(t) = At A=\ —

S(t) = S(0)e"=29)t(g 4 1)N().

In order to rule out arbitrage, we must assume A > 0, which is

equivalent to o—T
A>

g



dS(t) = rS(t) dt + oS(t—) dM(t)
is equivalent to d(e™"'S(t)) = ge Tt S(t—)dM(t).
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Since M(t) is a martingale, the discounted asset price is a
martingale under P.



Pricing Formula for risk-neutral price of a European Call

For 0 <t <T,letV(t) denote the risk-neutral price of a European
call paying V(t) = (S(T) — K)™ at time T.

The discounted call price
etV (t) = E[e~"TV(T)|F )] = E[e~"T(S(T) - K)"|F(t)].

is a martingale under the risk-neutral measure.

= V(t) = E[e " TY(S(T) - K)"|F(t)]



V(t) = E[e="T-Y(S(T) - K)™|F(t)]

S(T) = $(0)elm49)T (g + 1)ND
_ S(O)e(r—ia)t(a_l_ )N . e(r—,‘ia)(T—t)(a + l)N(T)—N(t)
= S(t) _e(r—ia)(T—t)(o. + 1)N(T)-N@),

= V(t) = E[e—’(T-‘> (S(t)e("-i“’(’*"*)(a + 1)N(M=N) _ K)+ P—'(t)]



V(t) = E [e-ﬂ’f-t) (S(t)etf-iﬁ}@-t)(a + 1)NM=N©) _ K) i lf(t)]

Lemma 2.3.4 (Independence). Let (12, F,P) be a probability space, and
let G be a sub-o-algebra of F. Suppose the random variables X,,..., Xk are
G-measurable and the random variables Yy,...,Y are independent of G. Let
f(z1,.--,ZK,Y1,...,YL) be a function of the dummy variables x1, ...,z and
Y1,..-,YL, and define
g(ﬂ:l, coe ,:'E}{) = ]Ef(:!:l, P ,IK,Y], coo ,YL). (2327)
Then
E[f(X1,.... Xk, Y1,...,Y1)|G] = 9(X1,..., XKk). (2.3.28)

The random variable S(t) is F(t)-measurable, whereas
e(r=Ao)T=1) (5 4 1)N(T)=N(t) is independent of F (t).
Replacing S(t) by dummy variable x. c(t,z) = Iﬁ[e"’(T“” (me(r"-“')(‘“”(a +1)NM=NE) _ g )+]

then, V(t) = I“E'i[e-"““-t) (S(t)e(f-iﬂl(’f-*)(a + 1)ND-NE) _ K)+ |f(t)] = c(t, S(t))



C(t, :B) = Iﬁ[e'—?‘(T—t) (xe(r—:\ﬂ')(T—t)(J + I)N(T)—N(t) _ K)+]

Me(tigq —t;)"
P{N(tj+1) — N(t;) =k} = ( J+’::! i) e~ Min—ti)  p—01,....
(11.2.7)

=Y en(T-t (m(r—ia)mt)(a +1) — K)* A (T_'— t)’ —xT-t)
J-
3=0

- - |
-y ( —Aa(T=t)(g 4 1)3 — Ke—r(T—t))+ s Sl S o)

I
j= J

(11.7.3)

From this formula, the risk-neutral price of the call ¢(¢,x) can be computed.



o +M (T —t) _;
Ao (T- (g + 1)) — Ke~(T— _X(T—t)
c(t,z) = 2( (0+1) - Ke ) T (11.7.3)

The 5 = 0 term in (11.7.3) is

(xe-ia('r—t) . Ke—r(']"—t))‘l'e—i(’f‘—t)‘
When t = T, this term is (z — K)*, and it is the only nonzero term in the
sum in (11.7.3) when ¢t = T. Therefore, the function ¢ satisfies the terminal

condition
c(T,z) = (z— K)* for all z > 0. (11.7.4)



The partial differential equation that c(t, x) must satisfy.

V(t) = E[e=" T (S(t)e 3T =0 (g 4 )NTDI=N®) _ ) ! 71| = c(t, S(t))
etV (t) = E[e="T (S(T) — K) | F(t)] = e "e(t, S(t))
e "V (t) = ]E[e_"T (S(T) — K)+|}'(t)] is a martingale under P.

= dt term of d (e "'c(t,5(t))) should be “zero”.



First, using Ito-Doeblin formula

Theorem 11.5.4 (Two-dimensional It6-Doeblin formula for processes
with jumps). Let X, (t) and X2(t) be jump processes, and let f(t,z1,z2) be

a function whose first and second partial derivatives appearing in the following
formula are defined and are continuous. Then

f(t, Xl (t), X2(t))

= £(0,X1(0), X2(0)) + /0 fo(s, X1(5), Xa(s)) ds

4 / fa (5, X1 (5), Xa(s)) dXE(s) + / fea (5, X1 (5), Xa(s)) dX5(s)
0 0

+%/0 fzy.2 (s,Xl(s),Xz(s)) dX1(s)dX5(s)

+ / for 2 (5, X1 (5), Xa(s)) dX5(s) dX5(s)
0

£3 [ Fenen o X209, Xa(0) 4X5(6) 4500
+ 3 [0 Xa(0), Xal5)) = (s X (5=, Xals-)

0<s<t

dS(t) =

(r — Ao)S(t) dt + o S(t—) dN(t),

dSc(t) = (r — Ao)S(t) dt.

AS(t) = S(t) — S(t—) =aS(t—),

S(t)

= (0 + 1)S(t-).



Theorem 11.5.4 (Two-dimensional It6-Doeblin formula for processes e_rt C (t S (t))
with jumps). Let X, (t) and X2(t) be jump processes, and let f(t,z1,x2) be !

a function whose first and second partial derivatives appearing in the following ~
formula are defined and are continuous. Then dS C(t) — (T — Ao )S (t) dt.

(8, X1 (t), X2(1)) S(t) =(c+1)S(t-).
= 1(0.X:0). X2(0) + | fu(s, Xs(s), Xa(s) ds
° Fle, Xi(2)) = € clt, sct))

t t
+ [ for.X05). Xa(0)) dX5(0) + foprrprrirepminepyestgey | Lo Xe)m coseen)

1t Fe (5, %, 8)) s =[-r&™ciu, stw)+ € Cetu,sw))]
+5 [ Fevm (5. X0(6), X)) dXE(5) dX5(6)

: « B b8 RisTNAE LS = B Gy b S A W
o T ’ o B (S, X 51 AKX CS) AXECS) = O
%ﬁ?&*ﬁm : osZ\%tL-P(S'K'(ji) —Hs,x._:‘f—n]
+ Z [£ (s, X1(s), X2(s)) — £(s, X1(s=), X2(s-))]. - I [€7cwgw)-€e"c (. scu-)l]

0<s<t = O‘Z:\m é'“[c(u,sm))— c (WU, 5S¢ u—))]




e~ "te(t, S(t))
= ¢(0,5(0)) +/ e ™[ - re(u, S(u)) du + c¢(u, S(u)) du
0

+cz(u, S(u)) dS° u)] AsE(u)=(r-as) s(n) A
+ Y e e(u, S(u) — c(u, S(u=))] sCw) = (sr 1) sus

o<u<t
= ¢(0,5(0)) + /[, ™[ - re(u, S(u)) + cr(u, S(u))
+(.T — :\Ulsgu)cm(us S(u)) d—u

+/ e ™ [c(u, (0 +1)S(u—)) — c(u, S(u—))] dN(u)
0 —




e "te(t, S(t)) t
= ¢(0,5(0)) + /[, ™[ - re(u, S(u)) + cr(u, S(u))
+(r — :\O')S (u)ez(u, S (u)) du

+/ e ™ [c(u, (o +1)S(u—)) — c(u, S(u—))] dN(u)
0

t Mlw)=Nw) =T
= c(0,S0) + [ €[~ rofu, SW) + e SW)  dRw-drcwr- 3
0 AN = X+ A ()
+(r — Ao)S(u)eg (u, S(u )] du

+/ ~[e(u, (0 + 1)S(u—)) — c(u, S(u—))])\du
0

+/ e " [c(u, (o +1)S(u=)) — c(u, S(u—))] dM (u).
0



However, the integral

/: e T [c(u, (0 +1)S(u—)) — c(u, S(u— ))];\ du

is the same as the integral

/t ~"[e(u, (o + l)S(u)) — c(u, S(u))]/\ du.
0

We have shown that

e "te(t, S(t))
= ¢(0,5(0))

+/.§ e~ ™[ — rc(u, S(u)) + ci(u, S(u)) + (r — Aa)S(u)cz(u, S(u))
+A(e(w, (o + 1)S(w)) - e(u, S(u)))] du

+_/t ~"[c(u, (0 + 1)S(u—)) — c(u, S(u—))] dM (u (11.7.6)
0



e "te(t, S(t))
= ¢(0,5(0))

+/; e"'"[ — rc(u, S(u)) + ci(u, S(u)) + (r — ;\U)S(“’)Cz (u, S(u))

+A(c(u, (o + 1)S(u)) — c(u, S(u)))] du

Martingale

(u). (11.7.6)

Martingale

Theorem 11.4.5. Assume that the jump process X (s) of (11.4.1)-(11.4.8) is
a martingale, the integrand ®(s) is left-continuous and adapted, and

t
]E/ I'%(s)®?(s) ds < oo for all t > 0.
0

Then the stochastic integral f{f @(s) dX (s) is also a martingale.



¢(0, 5(0)) + / t e[ — re(u, S(u)) + ct(u, S(u)) + (r — Aa)S(u)cz(u, S(u))
0
+A(c(u, (o + 1)S(u)) — c(u, S(u)))] du

and see that it is the difference of two martingales and hence is itself a mar-
tingale. This can only happen if the integrand is zero:

—re(t, S(8)) + ce(t, S(t)) + (r — Ao )S(t)c(t, S(t))
+A(c(t, (0 +1)S(t)) — c(t, S(t))) = 0. (11.7.7)



e "te(t, S(t))
= ¢(0,5(0))

" /0 e~ [ — re(u, S(u)) + ci(u, S(w) + (r — Ao)S(u)ea(u, S(w))
+A(c(u, (0 + 1)S(u)) — c(u, S(u)))] du
+/ ~ru[e(u, (0 + 1)S(u—)) — c(u, S(u—))] dM (u (11.7.6)
0

d(e "c(t, S(t)))
= —”[ — re(t, S(t)) + ce(t, S(t)) + (r — Ao)S(t)cz(t, S(t))
+A(c(t, (0 +1)S(t)) — c(t, S(t)))] dt
+e ™" [e(t, (0 +1)S(t-)) — c(t, S(t—))] dM(t)

setting the dt term equal to zero.



We conclude by replacing the stock price process S(t) in (11.7.7) by a
dummy variable x. This gives the equation

—rc(t, )+ e (¢, m)+(r—:\a)$cm(t,$)+i(c(t, (c+1)z)—c(t,z)) =0, (11.7.9)

which must hold for 0 < ¢t < T and z > 0. This is sometimes called a
differential-difference equation because it involves ¢ at two different values
of the stock price, namely z and (0 + 1)z. The function c(t,z) defined by
(11.7.3) satisfies this equation because, by its construction, e~"*¢(¢, S(t)) is a
martingale under P.



Returning to (11.7.6) and using equation (11.7.9), we see that for 0 <t <
T,

e~ "te(t, S(t))
= ¢(0,5(0)) + /0 e ™ [c(u, (o + 1)S(u—)) — c(u, S(u—))] dﬂ(u). (11.7.10)

In particular,

e T (S(T) - K)+
= e "T¢(T,S(T))

T —~
— ¢(0,5(0)) + /0 e~ [c(u, (0 +1)S(u—)) — c(u, S(u=))] dM(u). (11.7.11)
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